When subjected to parallel electric field E and magnetic field B, Weyl semimetals exhibit the exotic transport property known as the chiral anomaly due to the pumping of electrons between Weyl cones of opposite chiralities. When one or both electromagnetic (EM) fields are replaced by strain-induced chiral pseudo-electromagnetic (pseudo-EM) fields, other types of quantum anomalies occur. In the present paper, we will show that such quantum anomalies can be reproduced in a completely different system -a Weyl ferromagnet whose magnonic structure remarkably encodes Weyl physics. By analytical and numerical calculations, we will show that the magnon bands can be Landau-quantized by either an inhomogeneous electric field E or a chiral pseudo-electric field e induced by a torsional strain, and magnons can be pumped along bands by either an inhomogeneous magnetic field B or a chiral pseudo-magnetic field b due to a dynamic uniaxial strain. We list the magnon quantum anomalies and the associated anomalous spin and heat currents in the Weyl ferromagnet, and show they are distinct from their Weyl semimetal counterparts.
I. INTRODUCTION
A magnon is a bosonic collective excitation of electron spins on a crystal lattice, carrying spin, magnetic dipole moment, and heat [1] . It can be quantum-mechanically characterized by a quantized spin wave [2] and experimentally detected by neutron scattering [3] . Though charge neutral, a magnon can be manipulated by electric fields and magnetic fields through the AharonovCasher effect [4] and the Zeeman effect, respectively. Due to their unique reaction to electromagnetic (EM) fields, magnons stand out from other bosons (photons, phonons, polarons, etc.) but are akin to electrons. Consequently, magnons are proposed to mimic some electronic transport properties such as the chiral anomaly [5, 6] , the magnon Josephson effect [7] , the spin Hall effect [8] , the Wiedemann-Franz law [9, 10] , the thermal Hall effect [11] [12] [13] [14] [15] [16] , the spin Seebeck effect [17] [18] [19] [20] [21] , the spin Peltier effect [22, 23] , and the spin Nernst effect [24] [25] [26] [27] .
On the other hand, electronic transport does not necessarily require the participation of EM fields or temperature gradients. One example is that relativistic electrons can be manipulated by elastic strains. In graphene, for instance, the crystal lattice deformation due to strain shifts the 2D Dirac electrons in the momentum dimension [28] . Thus it gives rise to a pseudo-magnetic field, generating Landau levels that can be observed in scanning tunneling microscopy (STM) [29] . In Dirac/Weyl semimetals, it has been theoretically proposed that a similar pseudo-magnetic field couples to 3D Dirac/Weyl particles [30] [31] [32] [33] [34] , giving rise to quantum oscillations [30] and the chiral torsional effect [31, 32] without magnetic field. Remarkably, when a suitable dynamic strain is applied, a pseudo-electric field emerges, producing a chiral anomaly in Weyl semimetals in the complete absence of EM fields [32] .
Recent works on Dirac/Weyl superconductors showed that strain can manipulate charge neutral relativistic Bogoliubov quasiparticles, resulting in the WiedemannFranz law, quantum oscillations, and anomalous spin and heat currents [35, 36] . These discoveries shed new light on novel magnon transport with only electric (magnetic) fields or even in the complete absence of EM fields as long as a suitable strain is present. It has been reported that strain is able to Landau-quantize 2D Weyl magnons hosted by "magnon graphene" and leads to a non-quantized Hall viscosity [37] . Since 3D Weyl magnons have been predicted to exist in pyrochlore magnets [6, [38] [39] [40] , double perovskite magnets [41] and multilayer magnets [5, 8, 42] , it is natural to ask how strain engages in the transport of 3D Weyl magnons harbored by these Weyl magnets.
In this paper, we answer this question by a combination of analytical calculations and numerical simulations. We show that a static torsional strain can induce a pseudo-electric field to Landau-quantize the 3D Weyl magnons, and a dynamic uniaxial strain can induce a pseudo-magnetic field to pump the magnons. We also demonstrate that these elastic strain-induced pseudo-EM fields result in novel magnon transport in the form of quantum anomalies. To support these findings, we organize the paper as follows. In Sec. II, we formulate the model of a multilayer Weyl ferromagnet and discuss its magnon band structure and topology. In Sec. III, we study the magnon band structures of the Weyl ferromagnet under an electric field and under a static torsional strain-induced pseudo-electric field respectively. We also study the magnon dynamics due to either a magnetic field or a dynamic uniaxial strain-induced pseudo-magnetic field. In Sec. IV, we derive the magnon quantum anomalies and the associated anomalous spin and heat currents under different combinations of EM fields and pseudo-EM fields. In Sec. V, we derive the field (gradient) dependence of the anomalous spin and heat currents in var-ious magnon quantum anomalies, and establish a duality to the anomalous electric current in the chiral magnetic effect [43, 44] and the chiral torsional effect [31, 32] of Weyl semimetals. In Sec. VI, we discuss the proposals for experimentally measuring magnon quantum anomalies by atomic force microscopy (AFM) force sensing. Section VII concludes the paper, proposes several promising materials for the implementation of magnon quantum anomalies, and envisages a few worthwhile directions based on the current work.
II. MULTILAYER MODEL OF WEYL FERROMAGNET
We consider a multilayer Weyl ferromagnet model proposed in Ref. [5] but amend the model with an inter-layer next nearest neighbor interaction. It will be shown in Sec. III B that such an interaction is necessary for the strain engineering for Landau quantization. The building block of this model is a honeycomb ferromagnet layer of spins of size S ( Fig. 1(a) ), which has been experimentally realized in CrI 3 [45] and proposed in other compounds [46] . Multiple layers are then stacked in the z direction ( Fig. 1(b) ). The in-plane nearest neighbors are labelled by α 1 = 2 aŷ, and α 3 = −aŷ, where a is the lattice constant of the honeycomb lattice; the in-plane next nearest neighbors are labelled by β 1 = α 3 − α 2 , β 2 = α 1 − α 3 , and β 3 = α 2 − α 1 . The inter-layer spacing (out-of-plane direction lattice constant) is denoted as δ z . We choose the unit cells of the honeycomb layer such that each contains an A site and a B site connected by vector α 1 . The Heisenberg Hamiltonian of the Weyl ferromagnet reads where R ⊥ labels the unit cells of a honeycomb layer, and z is the layer index. H 0 is an on-site interaction term with strength K A(B) on A(B) sites; H 1 is the intralayer nearest neighbor interaction with strength J 1 (α i ) between A and B sites connected by vector α i ; H 2 is the inter-layer next nearest neighbor interaction with strength J 2 (α i ± δ z ) between A and B sites connected by vector α i ± δ z ; H z is the inter-layer nearest neighbor interaction with strength J A(B) between same-sublattice sites spaced by δ z in the stacking direction z; H D is the intra-layer next nearest neighbor Dzyaloshinskii-Moriya (DM) interaction [47, 48] between same-sublattice sites connected by β i ; and the last term Z is the Zeeman energy. For simplicity, we choose the interaction strength as D A = −D B = D > 0, J 1 (α i ) = J 1 > 0, and J 2 (α i ± δ zẑ ) = J 2 > 0. Moreover, since the Zeeman term only determines the spin polarization of the ground state, we henceforth set B z → 0 + . We further assume the inter-layer lattice constant δ z = a. The Heisenberg Hamiltonian (Eq. 1) can be rewritten in terms of magnons through the Holstein-Primakoff transformation [2] ,
where the ferromagnetic ground state energy
and the tight binding magnon Hamiltonian is
We then perform Fourier transform
where k = (k ⊥ , k z ) and N is the number of unit cells in the Weyl ferromagnet multilayer. Then the tight-binding Hamiltonian can be written as
where the sublattice basis is ψ k = (a k , b k ) T and the firstquantized Bloch Hamiltonian is
where σ and σ 0 are Pauli matrices and the identity matrix, respectively, and we have used the notations K ± = K A ± K B and J ± = J A ± J B . It is easy to find that H k can only be gapless at the corners of the 2D hexagonal Brillouin zone of the honeycomb ferromagnet. For simplicity, we require
In this case, there is only one pair of nodal points k
, 0, ηQ) with η = ±1 and Q = 1 a cos
In the vicinity of these Weyl points, the Bloch Hamiltonian can be expanded to the lowest order as
with the corresponding velocity parameters defined as
Without loss of generality, we take J − > 0. Then the Berry flux (in units of π) that flows into/out of the Weyl points is
which is locked to the momentum space position of Weyl points. The topological nature of H k can be verified by evaluating the Chern number of a 2D slice with fixed k z , which is
Based on the restrictions we impose on the parameters, we obtain
Therefore, we expect arc surface states, which are akin to Fermi arcs in an electronic Weyl semimetal, connecting magnon Weyl points at the topological crystal momenta |k z | < Q. To confirm this, we numerically calculate the band structure ( Fig. 2(a) -(d)) of a Weyl ferromagnet nanowire whose cross section containing 1800 lattice sites is schematically plotted in Fig. 3(b) . The open boundary of the cross section consists of one pair of zigzag edges (x-direction) and one pair of armchair edges (y-direction). For simplicity and visual clarity, we set J + = 0 in Eq. 7 while taking care to preserve the positivedefiniteness of the magnon energy/spin wave frequency; the J + term will be reinstated in Appendix C. As illustrated in Fig. 2(a) , the Weyl ferromagnet nanowire exhibits a pair of Weyl cones connected by a set of almost flat bands. When the boundaries are closed, these flat bands disappear in Fig. 2(b) , indicating that the flat bands only reside on the surface of the nanowire. This can be further confirmed by evaluating the spectral functions: these flat states have a large spectral density at the surface (Fig. 2(c) ) but disappear deep in the bulk ( Fig. 2(d) ). 
III. WEYL FERROMAGNET UNDER ELECTROMAGNETIC FIELDS AND STRAIN
In Sec. II, we introduced a multilayer model for the Weyl ferromagnet and discussed the magnon band topology. In order to obtain magnon quantum anomalies, gauge fields are needed to manipulate magnons. In the present section, we will first discuss the Landau quantization of magnon bands in the presence of an inhomogeneous electric field E (Sec. III A) or an inhomogeneous chiral pseudo-electric field e η (Sec. III B) induced by a static twist deformation of the Weyl ferromagnet nanowire. Then we derive the equation of motion for magnons under an inhomogeneous magnetic field B (Sec. III C) or an inhomogeneous chiral pseudo-magnetic field b η (Sec. III D) induced by a dynamic uniaxial strain.
A. Landau quantization in the presence of E
To begin with, we study the magnon band structure under an electric field E. Dual to the Aharonov-Bohm phase φ AB = − e r+δ r
A·dl acquired by electrons moving in a magnetic field B = ∇ × A, magnons moving in an electric field can acquire an Aharonov-Casher phase [4] 
where the curl of the integrand Cross section of the Weyl ferromagnet nanowire with a pair of zigzag edges (x-direction) and a pair of armchair edges (y-direction). We use m = n = 30 unless otherwise specified so that all numerical simulations could be implemented with available computational resources.
magnon magnetic moment µ = −gµ Bẑ and the electric field E = (
2 E y, 0), which may be experimentally realized by periodically arranging scanning tunneling microscope (STM) tips [9, 49] . The resulting Dirac-Landau levels are given by
and
The higher (n > 1) Landau levels at both Weyl points are identical and they always come in pairs with opposite energies at each momentum q z . However, the zeroth Landau levels at the two Weyl points are not identical but counter-propagating. Without loss of generality, we choose sgn(gE ) = −1 such that the right (left) Weyl cone hosts a right (left) moving zeroth Landau level |v η z |q z (− |v η z |q z ). Unlike higher Landau levels, at each Weyl point, the zeroth Landau levels are unpaired.
To numerically verify the Landau quantization due to the Aharonov-Casher effect, we consider the nanowire geometry under an electric field (left panel, Fig. 3(a) ). The calculated band structure of the Weyl ferromagnet nanowire under an inhomogeneous electric field is shown in Fig. 4(a) . The zeroth Landau levels can be easily identified, and are connected by a set of almost flat states whose surface origin can be confirmed by calculating the surface spectral function (Fig. 4(b) ). The obscured higher Landau levels, on the other hand, are revealed by the bulk spectral function as illustrated in Fig. 4(c) .
B. Landau quantization in the presence of e η In the context of Weyl semimetals, besides applying a magnetic field B, the electronic bands are also Landauquantized by a suitable lattice deformation [30] [31] [32] [33] [34] , which spatially modulates the overlap integrals. The overall effect of such a deformation on the low-energy Hamiltonian is a minimal substitution analogous to that for a magnetic field. In other words, the lattice deformation due to external strain induces a pseudo-magnetic field. It is worth noting that such a strain-induced pseudo-magnetic field only couples to the Weyl points and becomes negligible at energies far away from the Weyl points. In this section, we will show that a similar strain-induced pseudoelectric field can be generated by spin lattice deformation and leads to Landau quantization of Weyl magnons.
For concreteness, we consider the spin lattice deformation due to a twist ( Fig. 3(a) , right panel). The resulting displacement field is
where Ω is the angle of rotation of the uppermost layer with respect to the lowermost layer, and L is the spacing between these two layers, i.e., the length of the nanowire. For this displacement field, the non-zero components of the symmetric strain tensor u ij = ∂ i u j + ∂ j u i are u 13 = u 31 = −Ωy/2L and u 23 = u 32 = Ωx/2L. For this reason, we only need to consider the exchange integrals whose arguments simultaneously have out-of-plane and in-plane components (Appendix A). In our model, this refers to the six J 2 's as illustrated in Fig. 5 . The substitutions for these J 2 's are
under which an additional term appears in H k
where
In the vicinity of the Weyl points k tonian of the twisted Weyl ferromagnet nanowire reads
It is worth noting that the strain-induced term can be incorporated into the linearized Hamiltonian through a minimal substitution q → q + e a η S , where the straininduced vector potential is
which is a chiral gauge field taking opposite values at different Weyl points. We note that the multilayer model in Ref. [5] does not have such a strain-induced vector potential because the inter-layer next nearest neighbor interaction is not considered, i.e., J 2 = 0. As ∇ × a η S = 0, this strain-induced vector potential will result in Landau quantization of magnon bands. In Sec. III A, we demonstrate that electric field E = ( 
It is critically important to note that the strain-induced vector potential is a unique feature of relativistic particles. We thus expect that the strain-induced pseudoelectric field and magnon Dirac-Landau levels only reside in the vicinity of magnon Weyl points. Unlike the electric field E which produces counter-propagating zeroth Landau levels, the chiral pseudo-electric field e η results in co-propagating zeroth Landau levels as illustrated in Fig. 6(a,c) . At the first glance, this causes an imbalance in the numbers of left-moving and right-moving channels, which must be the same in a lattice model. Considering that we have only discussed bulk Landau levels so far, we argue that there should be a set of surface states connecting the bulk Landau levels at the two Weyl cones, providing the needed counter-propagating channels to compensate the imbalance. Our argument has been confirmed by the numerical simulation of the surface spectral function as illustrated in Fig. 6(b) . Remarkably, we note that inside the gap spanned by the two first Landau levels, the left-moving surface channels and right-moving bulk channels are spatially well separated and cannot be scattered into each other. Therefore, if the reservoirs are fine-tuned to populate this gap with magnons [5, 50] , the bulk magnon particle current and surface magnon particle current are counter-propagating in the ballistic regime. This leads to exotic spin and heat transport known as the bulk-surface separation which will be elaborated in Sec. IV.
C. Magnon motion in the presence of B
In Sec. III A, we have Landau-quantized the magnon bands by applying an inhomogeneous electric field E. To implement quantum anomalies with magnons, we need to pump them through the zeroth Landau levels. In this section, we will elucidate how magnons are pumped by
FIG. 5: Schematic plot for the exchange integrals J2. The most important impact of the twist deformation is to modulate J2 spatially.
an inhomogeneous magnetic field B. The equation of motion of magnons will be derived.
Due to the magnetic moment it carries, a magnon has a Zeeman energy U = −µ · B in the presence of a magnetic field B. The force exerted on the magnon is then
Practically, we are only concerned about the transport in the z direction, which is governed by
Therefore, an inhomogeneous magnetic field in the zdirection will be capable of driving magnons from one magnon Weyl point to the other. More generally, we consider the case where there is also an electric field E in addition to B. As discussed in Sec. III A, due to the Aharonov-Casher phase, the canonical momentum will be shifted through the Peierls substitution p → p + 1 c 2 E × µ in the presence of E. Then the magnon Hamiltonian can be written down as
where K(p) is the magnon kinetic energy whose specific form does not matter for our purpose. The Hamilton's equations of motion give
and dp dt
Therefore, the equation of motion for the crystal momen-
which clearly shows the duality to electronics with the magnon Zeeman energy −µ · B (the electric momentum µ × E) playing the role of the electric potential energy −eφ (the magnetic momentum eA). For the inhomogeneous electric field E = (
2 E y, 0) and the magnetic moment µ = −gµ Bẑ used in Sec. III A, the z component of Eq. 25 is exactly Eq. 21.
In summary, an inhomogeneous magnetic field can be used to pump magnons along the z direction and is capable of producing magnon quantum anomalies. This will be discussed in detail in Sec. IV A and Sec. IV D.
In the meanwhile, a static inhomogeneous electric field only provides Landau quantization and does not affect the magnon transport in the z direction. In Sec. III B, we have shown that magnon bands can be Landau-quantized by a chiral pseudo-electric field e η induced by a static twist, under which the magnon Hamiltonian is modified by the Peierls substitution q → q + e 1 ec 2 e η × µ. Therefore, by comparing to Eq. 25, the magnon equation of motion in the presence of e η and B can be immediately written down as
. (26) Because e η field has exactly the same spacetime dependence as the inhomogeneous electric field E except for the chiral nature, our analysis for E in Sec. III C can be transplanted to e η . Therefore we argue that magnons cannot be pumped by the pseudo-electric field induced by a static twist deformation. For this reason, in order to pump magnons, we resort to a dynamic deformation.
We consider a dynamic uniaxial strain whose only nonzero strain tensor component is u 33 . Such a strain can be generated by the displacement field u = u z (z, t)ẑ. The knowledge of the explicit form of u z is not necessary for our purpose. Experimentally, a legitimate u z may be obtained by applying ultrasonic sound waves along the z direction. Under this uniaxial strain u 33 , we need to modify the exchange integrals whose arguments has nonzero z components (Appendix A). Such exchange integrals are J A , J B , and the six J 2 's illustrated in Fig. 5 . The substitutions are
under which an extra term enters the Bloch Hamiltonian (Eq. 7),
In the vicinity of the Weyl points k η W , the Bloch Hamiltonian under the uniaxial deformation becomes
Similar to the static twist (Eq. 18), the dynamic uniaxial strain also shifts the momentum through the minimal substitution q → q + e a η D , where the strain-induced vector potential reads
Similar to the its static counterpart a η S , this dynamic strain-induced vector potential a η D is also chiral. However, it is critically important to note that this vector potential cannot be interpreted as the vector potential of a pseudo-electric field because ∇ × a
is associated with a chiral pseudo-magnetic field. To see this, by replicating the derivation in Sec. III C, we first write down the equation of motion for magnons under the dynamic uniaxial strain
The extra non-chiral gradient term ∇(3J 2 Su 33 ) appears because the dynamic strain induces in the Hamiltonian an on-site term 3J 2 Su 33 σ 0 , which cannot be characterized by the minimal substitution. However, in systems where J 2 is reasonably small, namely J 2 S c s /a (c s is the speed of sound in the nanowire), this non-chiral term becomes negligible relative to the chiral time-derivative term [51] . We concentrate on such systems in the remainder of this paper. Therefore, considering the fact that ∇ × a η D = 0, the z component of Eq. 30 is reduced to
can be understood as an inhomogeneous pseudomagnetic field. Due to its chiral nature, b η pumps magnons oppositely in the vicinity of the two Weyl points.
To sum up, a dynamic uniaxial strain can induce a chiral pseudo-magnetic field, accompanied by a non-chiral field whose effects can be neglected for reasonably small J 2 . The pseudo-magnetic field pumps magnons in opposite directions ±z at the two Weyl points. Therefore, it may also result in magnon quantum anomalies as will be detailed in Sec. IV B and Sec. IV C. In the meanwhile, the static torsional strain only provides the needed Landau quantization and does not affect the magnon transport in the z direction.
IV. MAGNON QUANTUM ANOMALIES AND THE ANOMALOUS TRANSPORT
In Sec. III, we have found that magnon bands can be Landau-quantized by either an inhomogeneous transverse electric field E or a chiral pseudo-electric field e η induced by a static twist. To drive the magnons along the zeroth Landau levels, we may use either an inhomogeneous longitudinal magnetic field B, or a chiral pseudomagnetic field b η induced by a dynamic uniaxial strain. In this section, we will show that each of the four possible combinations of an electric/pseudo-electric field and a magnetic/pseudo-magnetic field gives rise to a magnon quantum anomaly. We will derive the anomaly equations and discuss the associated anomalous spin and heat transport.
A. Magnon chiral anomaly due to E and B
In the present section, for completeness, we will derive the magnon chiral anomaly and the associated anomalous spin and heat currents in the presence of E and B, though these have been briefly mentioned in Ref. [5] .
We consider a Weyl ferromagnet nanowire aligned in the z direction under the electric field E = (
2 E y, 0), whose magnon Landau levels are illustrated in Fig. 4 . The left and right ends are attached to magnon reservoirs subjected to a uniform magnetic field B 0 = B 0ẑ . Magnons will then attain a Zeeman energy −µ · B 0 = gµ B B 0 and the magnon population edge, which is originally located in the band minima, can be lifted up to the gap of the first Landau levels ( Fig. 7(a) ) by a suitable B 0 . This is an analog to putting the chemical potential in the gap of Landau levels in Weyl semimetals [5, 50] . While electrons contributing to ballistic transport can have energies above or below the chemical potential, magnons must reside above the population edge gµ B B 0 in the magnon reservoirs to participate in ballistic transport. Then a spatially varying magnetic field B = B zẑ is overlaid, where B z has a nonzero gradient ∂ z B z = B. Based on Eq. 21, the magnons begin to propagate along the Landau levels in the −z direction according to semiclassical equation of motion q z (t) = q z (0) − gµ B t 0 Bdt / . Thus the magnons originally on the left zeroth Landau level will be pumped to the right zeroth Landau level across the Brillouin zone boundary, which results in a chirality imbalance, a key feature of the magnon chiral anomaly.
During this pumping process, the magnon population edge is gradually elevated (lowered) on the left (right) zeroth Landau level (Fig. 7(b) ). The difference between the left and right magnon population edges is analogous to the chiral chemical potential in Weyl semimetals. Here we will see the difference in magnon population edges as a magnetic field bias B 5 B 0 such that the left (right) Weyl cone experiences a magnetic field B L = B 0 + B 5 (B R = B 0 − B 5 ). From the semiclassical equation of motion, we obtain
We now derive the chiral anomaly equation for magnons. The magnon concentration variation on the right zeroth Landau level can be written down as a Taylor series
is the density of states with the electric length
, and n B ( ) = (e /k B T − 1) −1 is the magnon distribution function. Similarly, the magnon concentration variation on the left zeroth Landau level is
In the low bias limit gµ B B 5 k B T , the net chirality pumping rate can be well approximated as
where, as in Eq. 10, χ R = +1 and χ L = −1. More generally, for arbitrarily oriented E and B, the magnon chiral anomaly equation reads
Such a magnon chiral anomaly is dual to the electron chiral anomaly [53] [54] [55] . It is worth noting that Eq. 37 is true to the first order in B 5 ; at this order the number of magnons pumped out of the left zeroth Landau level is approximately equal to the number of magnons pumped into the right zeroth Landau level −n L ≈ n R . However, at the second order in B 5 , we have (38) indicating that the magnon number is not conserved, because magnons are bosonic collective excitations rather than fundamental particles. From another point of view, if the magnon number were conserved, higherenergy magnons pumped out of the left zeroth Landau level would result in the same number of lower-energy magnons populating the right zeroth Landau level, and the magnon distribution in Fig. 7 (b) would have a lower total energy than that in Fig. 7(a) , making the pumping process spontaneous. However, magnon pumping actually requires energy injection by EM fields. Explicitly, the energy injection into the right zeroth Landau level is
where the approximation is still taken in the low bias limit gµ B B 5 k B T . Similarly, the energy depletion on the left zeroth Landau level can be easily written down by making the substitution
And the total energy variation
> 0 (41) is indeed positive as expected, because n B ( ) is a decreasing function. Therefore, in the magnon pumping process, higher-energy magnons pumped out of the left zeroth Landau level should result in more lower-energy magnons on the right zeroth Landau level with the assistance of electromagnetic energy injection. The total energy after pumping will then increase. Before we leave this section, we calculate the anomalous spin and heat currents due to the magnon chiral anomaly. For the Weyl ferromagnet we considered, the spin and heat currents are given by the LandauerBüttiker formalism [50] , (43) where the magnon drifting velocity in the zeroth Landau levels are v
Further simplification gives the spin and heat currents as
As discussed in Sec. III C, the electric field E for magnons is dual to the vector potential A for electrons; the electric field gradient E thus plays the role of the magnetic field for electrons. gµ B B 5 measures the difference of the magnon population edges, and is therefore dual to the electron chiral chemical potential µ 5 . Consequently, the anomalous spin and heat currents of the magnon chiral anomaly is akin to the chiral magnetic current [43, 44] of the electron chiral anomaly. We will refer to Eqs. 44, 45 as the "chiral electric effect". We now consider another possibility of implementing the magnon chiral anomaly. We use a chiral electric field e η = ηe = (
2 ηεy, 0) induced by a static torsional strain, whose Landau levels are illustrated in Fig. 6 with both zeroth Landau levels being right-moving. The twisted Weyl ferromagnet is aligned in the z direction and in contact with magnon reservoirs, which will lift the magnon population edge to −µ · B 0 = gµ B B 0 . As with the case of an electric field E, in principle, the magnon population edge can be tuned into the gap of the first Landau levels (Fig. 7(d) ) by a proper choice of B 0 . Then a chiral magnetic field b η = ηb = ηb zẑ , which is induced by a dynamic uniaxial strain, is overlaid, where b z has a nonzero gradient ∂ z b z = β. Based on Eq. 31, the magnons are pumped through Landau levels according to the semiclassical equation of motion Unlike the magnon pumping due to B, magnons on different Weyl cones are pumped oppositely by the chiral magnetic field b η such that the magnon population edge on left (right) zeroth Landau level is elevated (lowered) as illustrated in Fig. 7(e) . The difference between magnon population edges can be characterized by a magnetic field bias b 5 B 0 under which the left (right) Weyl cone experiences a magnetic field
According to the semiclassical equation of motion, we have
To derive the chiral anomaly due to e η and b η , we need to know the magnon concentration variations on both zeroth Landau levels, which can be directly written down by referring to Eqs. 34, 35 as
where the pseudo-electric length l e = (− c 2 /gµ B ε) 1/2 . We assume sgn(gε) = −1 in order to be parallel to the assumption that sgn(gE ) = −1 (see Sec. III A). In the low bias limit gµ B b 5 k B T , the chirality pumping rate is
In the more general case, the magnon chiral anomaly equation can be written as
which is parallel to Eq. 37. Similarly, this anomaly equation only contains the leading order terms in Eqs. 47, 48. More rigorously, n e,b
L > 0; otherwise the magnon pumping will become spontaneous. This can also be confirmed by checking the energy variations on both zeroth Landau levels. By referring to Eqs. 39, 40, the estimated energy variations on the zeroth Landau levels are
> 0, indicating energy injection due to the pseudo-EM fields during the pumping process.
We now derive the anomalous spin and heat currents resulting from the chiral anomaly due to e η and b η . First, it is important to note that before the chiral magnetic field b η is switched on, there must be an equal number of right-moving magnons and left-moving magnons; otherwise the net spin/heat current will be nonzero in the absence of a driving force. As demonstrated in Sec. III B, under the chiral electric field e η , the bulk only hosts right-moving magnons while the left-moving magnons are localized at the surface. Therefore, the bulk spin/heat current must be balanced by the surface spin/heat current when b η = 0. Explicitly, we have
where the density of states is g e ( ) = Fig. 3(a) . As shown in Fig. 8(b) , the spin current in the bulk of the rectangular cross section (Fig. 3(b) ) propagates along the −z direction while the spin current on the edges of the cross section propagates along the +z direction. On the other hand, the bulk heat current of the rectangular cross section propagates along the +z direction while the edge heat current propagates along the −z direction, as illustrated in Fig. 8(c) . We have carefully evaluated the total spin and heat currents through the rectangular cross section under various numerical settings, and find that both currents are vanishingly small when the gradient of b z vanishes, β = 0. We further examine a Weyl ferromagnet nanowire with an almost circular cross section, whose bulk-surface separation for spin/heat transport is exhibited again in Fig. 8 (e) and (f).
Then, we switch on the chiral pseudo-magnetic field b η , and the magnons begin to propagate along the Landau levels, giving rise to net anomalous spin and heat currents
Again, in the low bias limit gµ B b 5 k B T , we obtain the spin and heat currents to the lowest non-vanishing order
Unlike the magnon chiral electric spin and heat currents Eqs. 44, 45, which are proportional to the magnetic field bias B 5 , the anomalous spin and heat currents due to (e η , b η ) are quadratic in the pseudo-magnetic field bias b 5 , because magnons on both zeroth Landau levels have the identical velocity. These small but nonzero spin and heat currents reflect the non-conservation of magnon number, in contrast to the chiral anomaly of electrons with pure strain-induced pseudo-EM fields, where the anomalous current is exactly zero due to charge conservation. 
C. Magnon heat anomaly due to E and b η
Besides the chiral anomalies discussed in Sec. IV A and Sec. IV B, Weyl magnons can exhibit another type of quantum anomaly in which the thermal energy in the bulk is not conserved. In this section, we will quantitatively characterize such a magnon "heat anomaly" in the presence of an inhomogeneous electric field E and an inhomogeneous pseudo-magnetic field b η .
We again consider a Weyl ferromagnet nanowire subjected to an inhomogeneous electric field E = (
2 E y, 0). The two ends of the wire are attached to magnon reservoirs with a uniform magnetic field B 0 = B 0ẑ such that the magnon population edge gµ B B 0 is located in the gap of the first Landau levels ( Fig. 7(a) ). Rather than using an inhomogeneous magnetic field B as is the case in Sec. IV A, we drive magnons with an inhomogeneous pseudo-magnetic field b η = ηb = ηb zẑ , where b z has a nonzero gradient ∂ z b z = β. As analyzed in Sec. IV B, the magnon motion is governed by the semiclassical equation of motion q(t) = q(0)−ηgµ B t 0 βdt / . Thus magnons are pumped into both zeroth Landau levels, indicating thermal energy non-conservation in the bulk, which is a clue of the magnon heat anomaly.
Due to the chiral nature of the pseudo-magnetic field b η , magnons on different zeroth Landau levels are oppositely pumped such that the magnon population edge on both zeroth Landau levels are lowered as illustrated in Fig. 7(c) . The variation of the magnon population edge is denoted by δ b B 0 , and correspondingly both Weyl cones experience a magnetic field b L = b R = B 0 − δ b . According to the semiclassical equation of motion, we have
By comparing to Eqs. 34, 35, we can directly write down the magnon concentration variation on both zeroth Landau levels as
where we make the approximation gµ B δ b k B T . Because the magnon population edge is shifted identically on both chiral Landau levels, there is no net chirality transport between two Weyl cones. Nevertheless, the fact n
indicates that there are more magnons in the bulk. Therefore, the thermal energy in the bulk increases. By comparing to Eqs. 39, 40, we immediately obtain the heat injection into the two zeroth Landau levels in the limit gµ B δ b k B T as
Thus the bulk heat injection rate can be written down as
(62) More generally, the bulk heat injection rate reads
(63) This magnon heat anomaly equation is analogous to the magnon chiral anomaly equation (Eqs. 37, 50). It is a heat continuity equation with a source indicating that the bulk thermal energy is not conserved. Unfortunately, this heat anomaly does not have measurable anomalous currents
Because left-moving and right-moving magnons are always created/annihilated in pairs, as illustrated in Fig. 7(c) . We note that though the bulk thermal energy is not conserved, the total energy of a closed system must be conserved. Since Eq. 63 only characterizes the variation rate of the bulk thermal energy, we need to consider how the surface thermal energy is altered by the pseudo-magnetic field. As illustrated in Fig. 4(a) , the bulk zeroth Landau levels are connected by a set of surface states. The magnons residing in these states can enter the bulk such that the thermal energy is transferred from the surface to the bulk. During this process, the external pseudo-magnetic field also does work on magnons; otherwise the heat pumping from surface to bulk would be spontaneous. The thermal energy from the surface and the mechanical energy from the pseudomagnetic field constitute the heat injection into the bulk of the Weyl ferromagnet nanowire. In particular, if the pseudo-magnetic field is induced by the dynamic lattice deformation resulting from applying an ultrasonic sound wave, the energy loss during sound propagation in the Weyl ferromagnet will lead to sound attenuation, which, in principle, should be experimentally measurable.
D. Magnon heat anomaly due to e η and B
We now consider another possibility of implementing the magnon heat anomaly. We apply a strain-induced chiral pseudo-electric field e η = ηe = η(
2 εy, 0) to a Weyl ferromagnet nanowire aligned in z direction. The two ends of the wire are attached to magnon reservoirs subjected to a magnetic field B 0 = B 0ẑ with the magnon population edges lying in the gap of the first Landau levels (Fig. 7(d) ). We drive magnons with an inhomogeneous magnetic field B = B zẑ , where B z has a nonzero gradient ∂ z B z = B. According to Sec. IV A, the magnon motion is governed by the semiclassical equation of motion q z (t) = q z (0) − gµ B t 0 Bdt / . Consequently, magnons are pumped into both zeroth Landau levels and the thermal energy in the bulk increases, indicating a magnon heat anomaly.
The magnetic field B pumps magnons on different Weyl cones identically. However, due to the chiral nature of pseudo-electric field e η , the magnon population edge on both zeroth Landau levels are lowered as illustrated in Fig. 7(f) . The variation of the magnon population edge is denoted as δ B B 0 and both Weyl cones experience a magnetic field B L = B R = B 0 − δ B . According to the semiclassical equation of motion, we have
By comparing to Eqs. 34, 35, the magnon concentration variation on both zeroth Landau levels can be calculated as
in the limit gµ B δ B k B T . Because magnons on both zeroth Landau levels are always created in pairs, there is no net chirality transport between the two Weyl points, but the larger total number of magnons on the zeroth Landau levels indicates a thermal energy injection into the bulk of the Weyl ferromagnet. By comparing to Eqs. 39, 40, we can directly write down the heat injection into the two zeroth Landau levels in the limit gµ B δ B k B T as (70) which is similar to the heat anomaly equation (Eq. 63), showing non-conservation of the bulk thermal energy. Again, when we take into account the contribution of the surface states and the applied pseudo-electric field, the heat anomaly will be removed and the total energy is conserved. In contrast to the heat anomaly due to E and b η in Sec. IV C, the heat anomaly due to e η and B does result in anomalous spin and heat currents
both of which should be experimentally measurable. Unlike the magnon "chiral electric effect" (Eqs. 44, 45, 57, 58) whose spin and heat currents result from either EM fields or pseudo EM fields, the anomalous currents Eqs. 71, 72 result from their combination. Since the required pseudo-electric field e η is induced by torsional strain, we refer to Eqs. 71, 72 as the magnon "chiral torsional effect".
V. FIELD DEPENDENCE OF ANOMALOUS SPIN AND HEAT CURRENTS
In Sec. IV, we listed the magnon quantum anomaly equations (Eqs. 37, 50, 63, 70) and the associated anomalous spin (Eqs. 44, 57, 64, 71) and heat (Eqs. 45, 58, 65, 72) currents. The anomaly equations have explicit EM/pesudo-EM field dependence while the anomalous currents do not, because the explicit field dependence of magnetic field bias (B 5 /b 5 ) and magnetic field variation (δ b /δ B ) is unknown. In this section, we will derive how these quantities depend on EM/pseudo-EM fields, and eventually give the full field dependence for the anomalous spin and heat currents in both the semiclassical limit and the quantum limit.
We take the magnon chiral anomaly due to E and B as an example and determine how B 5 depends on these fields. In the semiclassical limit, the magnetic field bias between the two zeroth Landau levels dominates over the magnon Landau spacing gµ B B 5
2|gµ B E v η x v η y / c 2 |. Therefore, the chirality transported between the Weyl cones is
where the magnon density of states can be estimated using the dispersion
In Sec. III A, we have obtained the chirality pumping rate (Eq. 36) in the absence of scattering of magnons between the two zeroth Landau levels. However, in a realistic magnet, the chirality mixing scattering mechanism always exists; otherwise the chirality transported between Weyl cones goes to infinity. Due to such scattering, the chirality pumping rate is changed to
where τ E,B is the mean free time of magnons due to chirality mixing scattering. The solution for ρ E, B 5 at sufficiently long times t τ E,B is then
By referring to Eq. 73, we obtain the field dependence of the effective magnetic field bias as
where we have assumed that the chirality mixing scattering is characterized by a constant magnon mean free time τ E,B . In that case, the field dependence of the anomalous spin/heat current can be obtained as J E,B spin/heat ∝ E 2 B, which is dual to the electron chiral magnetic current since magnon EM fields are dual to electron EM potentials.
In the quantum limit, the Landau level spacing becomes comparable to the magnetic field bias gµ B B 5
2|gµ B E v ∝ E B 5 , distinct from the semiclassical result Eq. 73. By comparing to Eq. 75, we obtain the field dependence of the magnetic field bias B 5 ∝ B, provided that the magnon mean free time is constant. As a result, the field dependence of the anomalous spin/heat current in the quantum limit can be immediately obtained as J E,B spin/heat ∝ E B. By replicating the analysis above, we can determine the field dependence of other magnetic field bias/variations as b 5 ∝ εβ, δ b ∝ E β, and δ B ∝ εB in the semiclassical limit and b 5 ∝ β, δ b ∝ β, and δ B ∝ B in the quantum limit. The resulting field dependence of the corresponding spin/heat current is summarized in Table. I. The magnon chiral electric spin/heat current (Eqs. 44, 45 ) is dual to the chiral magnetic current [43, 44] , and the magnon chiral torsional spin/heat current (Eqs. 71, 72) is dual to the chiral torsional current given in Ref. [32] . However, it is worth noting that the magnon anomalous spin/heat current (Eqs. 57, 58) due to e and b shows unprecedented field dependence without any anomalous electric current counterpart.
TABLE I: Summary of field (gradient) dependence of anomalous spin and heat currents in magnon quantum anomalies.
Field
Semiclassical limit Quantum limit
spin/heat ∝ εB
VI. EXPERIMENTAL MEASUREMENT OF MAGNON QUANTUM ANOMALIES
In Sec. V, we have obtained the field (gradient) dependence of anomalous spin and heat currents in magnon quantum anomalies as summarized in Tab. I. Unfortunately, the direct measurement of such anomalous spin and heat transport is experimentally non-trivial due to the lack of induced electric field from spin currents and the dissipation of thermal energy from heat currents. For this reason, an easily measurable signature quantity is required for the experimental detection of magnon quantum anomalies.
We propose that the force on the magnon currentcarrying Weyl ferromagnet nanowire exerted by an external inhomogeneous electric or pseudo-electric field could be such a signature quantity. Intuitively, this force on a magnon current can be understood as an analog of Ampère force, which emerges when applying an external magnetic field to an electric current. In the following, we will derive this force quantitatively for each magnon quantum anomaly.
A. Experimental signature of magnon chiral anomaly due to E and B
In Sec. III A, we have demonstrated that magnon bands are Landau-quantized by an external inhomogeneous electric field E = (
2 E y, 0). We now apply an additional electric field E = (0, E z, 0) with E E to the Weyl ferromagnet nanowire. This weak additional electric field will not lead to further Landau quantization of magnon bands, but according to the magnon equation of motion (Eq. 25), it gives rise to a "magnon Lorentz force"
which results from the Aharonov-Casher effect [4] . For the magnon population illustrated in Fig. 7(a) , the net force contributed by magnons from the two zeroth Landau levels is zero, because for each magnon drifting at velocity |v η z |, there is always another magnon drifting at velocity −|v η z |. However, when magnons are pumped by an inhomogeneous magnetic field B = B zẑ in the z direction, the net force on the whole nanowire is no longer zero, thus serving as an experimental signature for the magnon chiral anomaly due to E and B. This is because a magnon imbalance develops on the zeroth Landau levels as illustrated in Fig. 7 (b) such that there are more right-moving magnons than left-moving ones. In addition to causing the magnon chiral anomaly (Eq. 37) and the associated anomalous transport (Eqs. 44, 45) , this magnon imbalance also produces a force
where the summation goes over the zeroth Landau levels (LL 0 ) and V refers to the volume of the nanowire. To estimate the magnitude of this force, we first assume the additional electric field gradient E = 0.1E such that E has little effect on the magnon band structure in Fig. 4 . We then take the magnon drifting velocity |v η z | ∼ 10 2 m/s of the same order as that of yttrium iron garnet (YIG) [57] . For a typical nanowire with cross section radius ∼ 100nm and length ∼ 100µm, the volume can be estimated as V ∼ 10 −18 m 3 . To estimate the magnon concentration imbalance, we make use of Eqs. 34, 35 and get
For the electric field gradient used in Fig. 4 , we obtain 1/2π 2 l 2 E ∼ 10 14 m −2 . We further estimate the magnon mean free time τ E,B ∼ 10 −6 s, which is of the same order as that of YIG [58] . Lastly, an inhomogeneous magnetic field with gradient B ∼ 10T/m should be experimentally available. These lead to a magnon concentration imbalance n
20 m −3 and a force F E,B ∼ 10 −15 N. By means of atomic force microscopy (AFM), this small force can be sensed as a clue of magnon chiral anomaly due to E and B.
Before we leave this subsection, we briefly analyze the mechanical effects of magnons on the surface and the higher Landau levels. According to Fig. 4(a, b) , the almost flat surface states indicate a vanishing magnon drifting velocity, thus a negligible force contribution is expected from the surface magnons. For the higher Landau levels, the magnon population alters little during the whole pumping process because all states in these bands are occupied. The force contribution is thus ideally zero because the numbers of right-moving and leftmoving magnons are equal. In conclusion, the net force on the nanowire is mostly contributed by the magnon imbalance on the zeroth Landau levels. 2 εy, 0) induced by a static twist. Again, by applying an additional electric field E = (0, E z, 0), a magnon will experience a Lorentz force given by Eq. 77. However, for the magnon population illustrated in Fig. 7(d) , the net force contributed by magnons on the two zeroth Landau levels is nonzero because these two bands are now co-propagating.
Nevertheless, when magnons are pumped by a pseudomagnetic field in the z direction b η = ηb zẑ , a magnon imbalance develops as illustrated in Fig. 7 (e), with slightly more right-moving magnons on the zeroth Landau levels. The force acting on the nanowire then increases by
where the magnon concentration variation can be estimated by Eqs. 47, 48 as
If we assume similar parameters, i.e., l e ∼ l E , β ∼ B, and τ e,b ∼ τ E,B , we can estimate the force increase as δF e,b ∼ 10 −21 N at room temperature. Though this force increase reflects the magnon number non-conservation as well as the magnon anomalous transport (Eqs. 57, 58) , the difficulty of force sensing is greatly increased.
To avoid this difficulty, we propose the force sensing experiment using an additional pseudo-electric field e η = η(0, ε z, 0), which can be generated by a circular bend deformation (Appendix D). For the magnon population shown in Fig. 7(d) , the total Lorentz force on magnons on the zeroth Landau levels is restored to zero due to the chiral nature of the additional pseudoelectric field. However, as the pseudo-magnetic field b η is switched on, the magnon imbalance illustrated in Fig. 7 (e) will produce a nonzero force F e,b acting on the whole nanowire. Explicitly, the force reads
where the magnon concentration imbalance is given by Eqs. 47, 48 as
Using the parameters above, we obtain the magnon imbalance n e,b
∼ 10 20 m −3 and the force exerted on the nanowire is then F e,b ∼ 10 −15 N, which can be measured by AFM. It is worth noting that the surface magnons, despite possessing a finite drifting velocity, do not have an appreciable force contribution, because the additional pseudo-electric field e η only lives in the vicinity of Weyl cones deep in the bulk and thus has no effect on the surface. Unlike δF e,b which reflects the anomalous magnon transport (Eqs. 57, 58), the force F e,b indicates the magnon population imbalance on the zeroth Landau levels and is thus a signature of the magnon chiral anomaly due to e η and b η .
C. Experimental signature of magnon heat anomaly due to E and b η For the magnon heat anomaly due to E and b η , the Landau quantization is still provided by the inhomogeneous electric field, but the pumping field is a chiral pseudo-magnetic field due to a dynamic uniaxial strain, leading to an equal number of left-moving and rightmoving magnons injected into the bulk as illustrated in Fig. 7(c) . This renders E = (0, E z, 0) in Sec. VI A useless because the force contributed by the magnons on the zeroth Landau levels is always zero. However, an additional pseudo-electric field e η = η(0, ε z, 0) produces a measurable mechanical effect.
Due to the chiral nature of e η , the magnons on the zeroth Landau levels ( Fig. 7(a) ) contribute constructively to the force exerted on the nanowire. When the magnons are pumped by the pseudo-magnetic field, more magnons are driven into the zeroth Landau levels, leading to an increase in this force
where the magnon concentration variation is given by Eq. 60 as
Assuming τ E,b ∼ 10 −6 s leads to an AFM-measurable force increase δF E,b ∼ 10 −15 N. As analyzed in Sec. VI A, this force is the actual force experienced by the nanowire because there is no force contribution from the magnons on the surface or the higher Landau levels. The force increase δF E,b is of great experimental importance, because there is no magnon anomalous transport (Eqs. 64, 65) in the magnon quantum anomaly due to E and b η .
D. Experimental signature of magnon heat anomaly due to e η and B
For the magnon heat anomaly due to e η and B, the Landau quantization is provided by the inhomogeneous pseudo-electric field resulting from a static twist, but the pumping field is an ordinary magnetic field, leading to an equal number of magnons injected into each zeroth Landau level as illustrated in Fig. 7(f) . Consequently, the magnons on the zeroth Landau levels contribute zero total force in the presence of the chiral pseudo-electric field e η = η(0, ε z, 0). We thus resort to an additional ordinary electric field E = (0, E z, 0) as is used in Sec. VI A.
Because the two zeroth Landau levels are copropagating under the pseudo-electric field e η , which results from a static twist, the magnons on these two zeroth Landau levels contribute constructively to the force exerted on the nanowire in the presence of the additional electric field E . When more magnons are pumped by B into the zeroth Landau levels, the force increases by
where the magnon concentration variation is given by Eq. 67 as
Assuming τ e,B ∼ 10 −6 s leads to an AFM-measurable force increase δF e,B ∼ 10 −15 N as a signature of both the magnon heat anomaly (Eq. 70) and the anomalous transport (Eqs. 71, 72). Unlike the case analyzed in Sec. VI A and Sec. VI C where surface magnons have a vanishing drifting velocity or the case analyzed in Sec. VI B where the effective surface pseudo-electric field is zero, the surface magnons in heat anomaly due to e η and B give rise to non-trivial mechanical effects due to their nonvanishing drifting velocity and effective surface electric field E . However, because surface states and the zeroth Landau levels are counter-propagating and their magnon numbers always change in opposite directions, the force due to surface magnon concentration variation always adds constructively to the bulk force variation δF e,B , leading to an even larger AFM-measurable mechanical effect.
VII. CONCLUSIONS
In this paper, we have derived the magnon quantum anomalies and the anomalous spin and heat currents in a Weyl ferromagnet under electromagnetic fields and strain-induced chiral pseudo-electromagnetic fields. We first analyze a multilayer model of a Weyl ferromagnet whose spin wave structure possesses two linearly dispersive Weyl cones located on the k z axis at the corners of the honeycomb lattice Brillouin zone, akin to the electronic structure of Weyl semimetals. We show that the two Weyl cones are connected by a set of surface states analogous to the "Fermi arcs" in Weyl semimetals. These surface states can be understood as the combination of chiral edge states of each k z -fixed 2D slice of the Weyl ferromagnet, which realizes a magnon Chern insulator whose Chern number is nontrivial for the momenta between the two Weyl points.
We then analyze how the Weyl ferromagnet reacts to EM fields and strain-induced chiral pseudo-EM fields. Under an inhomogeneous electric field E, due to the Aharonov-Casher effect [4] , the magnons will be Landauquantized. Similar Landau quantization can be obtained by a static twist (around z axis) of the Weyl ferromagnet nanowire because an inhomogeneous pseudoelectric field e η is induced. Such a chiral pseudo-electric field only lives in the vicinity of the magnon Weyl points and couples to them oppositely, leading to a pair of co-propagating zeroth Landau levels. The Landauquantized magnons can be manipulated by applying an inhomogeneous magnetic field B, which contributes a Zeeman energy whose gradient acts as a driving force. A similar pumping process is realized by applying a dynamic uniaxial strain to the Weyl ferromagnet, so that an inhomogeneous chiral pseudo-magnetic field b η is induced. Again, this field strongly depends on the "Diracness" of the spin wave structure and only couples to Weyl magnons. Due to its chiral nature, magnons are pumped oppositely on different Weyl cones.
Furthermore, we show that the four possible combinations of electric field (E/e η ) and magnetic field (B/b η ) give rise to magnon quantum anomalies and anomalous spin and heat currents. For (E, B), magnons are pumped from one zeroth Landau level to the other, resulting in a chirality imbalance between the two Landau levels. Anomalous spin and heat currents arise and are proportional to this imbalance, resembling the chiral magnetic effect in Weyl semimetals. We thus call this anomalyrelated transport the magnon "chiral electric effect". For (e η , b η ), magnons are also injected into one zeroth Landau level and extracted out of the other, leading to a chirality imbalance as well. Remarkably, this magnon chiral anomaly due to pure pseudo-electromagnetic fields has weak but non-zero anomalous spin and heat currents, unlike the electron chiral magnetic current which must be zero in the presence of pseudo-electromagnetic fields. This is because magnons are quasiparticles immune to the particle conservation law. For (E, b η ), magnons are pumped between the surface and the bulk, giving rise to a heat imbalance between the two. For this reason, we refer to such a phenomenon as the magnon "heat anomaly" because the energy in the bulk itself is not conserved. Unfortunately, there are always an equal number of rightmoving magnons and left-moving magnons; thus no net spin and heat currents exist. For (e η , B), magnons are also pumped between the surface and the bulk. Due to the chiral nature of e η , the bulk and the surface always have opposite velocities. Such a bulk-surface separation thus causes a magnon "chiral torsional effect" that gives spin and heat currents proportional to the bulk-surface magnon imbalance.
Lastly, considering the difficulty of direct measurement of magnon anomalous spin and heat currents, we propose AFM-based force sensing experiments. For (E, B), an additional electric field on the nanowire exerts a force F E,B caused by the magnon imbalance on the zeroth Landau levels, reflecting the magnon chiral anomaly and the magnon chiral electric effect. For (e η , b η ), an additional pseudo-electric field on the nanowire gives rise to a force F e,b , also caused by the magnon imbalance on zeroth Landau levels, indicating the magnon chiral anomaly due to pseudo-EM fields. For (E, b
η ), we demonstrate that the additional pseudo-electric field causes a force increase δF E,b on the nanowire, which is a signature of the magnon heat anomaly. This allows us to detect such an anomaly experimentally though the anomalous transport is lacking. For (e η , B), we elucidate that the additional electric field produces a force increase δF e,B on the nanowire, which is a clue of the magnon heat anomaly and the magnon chiral torsional effect.
To experimentally test the magnon quantum anomalies, we first require a Weyl ferromagnet, which may be artificially engineered by layering the honeycomb ferromagnet CrX 3 (X = F, Cl, Br, I) [45, 46] . Weyl ferromagnets are also proposed to occur intrinsically in the pyrochlore oxide Lu 2 V 2 O 7 [6] . However, our theory constructed for multilayer ferromagnets cannot be directly transplanted to the pyrochlore lattice, where a twist around [111] rather than z axis may be the natural choice. The second requirement is that the candidate materials should be flexible to allow for sufficient twist in order to generate a strong pseudo-electric field to Landau-quantize the magnon bands. Unfortunately, the mechanical properties regarding the flexibility of candidate materials are lacking, and further experimental work is needed to verify whether or not layered honeycomb ferromagnets and Lu 2 V 2 O 7 are suitable materials.
There are several future directions that might be interesting to pursue based on the present work. The first is to test whether other types of spin lattice deformation can induce chiral pseudo-EM fields. In the context of Weyl semimetals, Ref. [31] shows that a screw dislocation can lead to the chiral torsional effect. It will be interesting to examine whether such deformation design will induce a pseudo-electric field in a Weyl magnet. Another direction is to study how other Weyl bosons react to strain-induced chiral gauge fields. To date, strain-induced Landau levels have been observed in photonic graphene [59] . Since "photonic Weyl semimetals" [60] [61] [62] have been proposed and realized, checking whether or not strain can induce chiral anomalies in these photonic systems will also be rewarding.
In the context of electronic crystals, the effect of strain is to alter the position and the orientation of each electronic orbit. Microscopically, this modulation can be incorporated by a suitable substitution [63] of the overlap integral t(R − R), which only depends on the relative displacement of electronic orbits located at R and R. Similar to the overlap integral, the exchange integral J(R − R) depends on the relative displacement of spins located at R and R . Under strain, the spin originally located at R will be shifted to a new position R + u(R). By expanding to the linear order, the exchange integral is given by
We may estimate ∇J = −αJ
where we have taken the Grüneisen parameter α ≈ 1 and denoted δ = R − R. Then the substitution for the exchange integral is
is the symmetrized strain tensor. For a twist deformation, the non-vanishing components of the strain tensor are u 31 that couples to δ 1 and δ 3 , and u 32 that couples to δ 2 and δ 3 . Therefore, only the exchange integrals whose arguments simultaneously have out-of-layer and in-layer components are affected. This refers to the six J 2 's as illustrated in Fig. 5 in the main text. On the other hand, for a uniaxial deformation characterized by u 33 that couples to δ 3 , all exchange integrals whose arguments have inter-layer components will be changed. This refers to J A , J B , and the six J 2 's. 
By comparing to Eqs. 34, 35, the magnon concentration variation on the right/left zeroth Landau level reads
where we take the limit gµ B δ R/L k B T . The magnon density of states on the right/left zeroth Landau level is g R/L ( ) = 
where we again approximate gµ B δ R/L k B T . The magnon chiral anomaly and heat anomaly to the linear order in gµ B δ R/L are given by
These anomalies only depend on the signs of velocities of the zeroth Landau levels. In the presence of an electric field, the inclusion of J + only changes the magnitude of v R/L without altering the directions of magnon propagation. Consequently, Eq. C6 is reduced to Eq. 36 and Eq. C7 is reduced to Eq. 62, and we still have the chiral anomaly for (E, B) and the heat anomaly for (E, b). (Fig. 8) with a nonzero J+S = 4.08. Though the Weyl cones are displaced and tilted, the bulk-surface separation of spin and heat currents is preserved for both the rectangular cross section (b, c) and the circular cross section (e, f). The total spin current on the rectangular (circular) cross section is −0.0017DS (−0.0016DS) while the total heat current on the rectangular (circular) cross section is 0.046D 1 2 E rr, where the field gradient is E = In systems where the non-chiral gradient term is no longer negligible, its effects are similar to those of an inhomogeneous magnetic field B. Therefore, the resulting magnon quantum anomalies will be a combination of purely magnetic field induced anomalies and purely chiral pseudo-magnetic field induced anomalies. 
